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Main focus of the talk is on 𝛼s extraction from:

1) Moments of quarkonium correlators
2) Static quark antiquark potential 
3) Step scaling with Schrödinger functional
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General considerations
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Calculate a quantity O(E, a) that depends on the energy scale E on the lattice

with lattice spacing a. Perform the continuum extrapolation

O(E) = lim
a!0

O(E, a)

and compare it with perturbative calculations

O(E) =

X
cn

⇣
↵
MS
s (E)

⌘n
! ↵

MS
s (E).

Important ingridient is the determination of a in terms of f⇡, fK or hadron

masses can be determined with a precision of 1% or less.

Examples: quarkonium correlators, vacuum polarization (Adler function), static

potential, ghos-gluon vertecies

Window problem: ⇤QCD ⌧ E ⌧ a
�1

, di�cult to realize in practical calcula-

tions

Solution for the window problem: compare with lattice perturbation theory at

finite a (small Wilson loops, is lattice pertubration theory reliable ?), step scaling

methods (ALPHA collaboration)
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Moments of quarkonium correlators

We use moments method pioneered by HPQCD and Karlsruhe group: 

Calculated continuum perturbation theory to order αs3

To cancel lattice effects consider the reduced moments

Rn =

✓
Gn

G0
n

◆1/(n�4)

and similarly on the weak coupling side:  

Allison et al, PRD78 (2008) 054513

Gn =
X

t

tnG(t), G(t) = a6
X

x

(amh0)
2hj5(x, t)j5(0, 0)i
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Gn =
gn(↵s(µ), µ/mh)

amn�4
h (µm)
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Rn =

⇢
r4 (n = 4)
rn · (mh0/mh(µ)) (n � 6)

,

rn = 1 +
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rnj(µ/mh)
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Lattice results on the moments of quarkonium correlators

Random color wall sources => statistical errors are negligible; Dominant errors are the finite
volume errors and errors due to mistuning of the heavy quark mass.

mh = mc, 1.5mc, 2mc, 3mc, 4mc, mb
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Continuum results are needed but there is a significant dependence on the lattice spacing

Lattice cuto↵ e↵ects: ⇠
IX

i=1

JX

j=1

↵i
s(amh0)

2j
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PP, J Weber PRD 100 (2019) 034519
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Continuum  results on the moments  

HPQCD: 2+1 flavor improved staggered (asqtad) sea + valence HISQ,
Allison et al, PRD 78 (2008) 054513; McNeile, PRD 82 (2010) 034512

JLQCD: 2+1 flavor  Domain-Wall Fermions, 
Nakayama, Fahy, Hashimoto, PRD 94 (2016) 054507

MP 16:  2+1 flavor HISQ (sea and valence sectors)
Maezawa, PP, PRD  PRD 94 (2016) 034504

Discrepancies are understood
to be due simple a2 + a4

extrapolations
<latexit sha1_base64="+vCYdUU9yQVP/TAMABg4shlk/Vo="></latexit><latexit sha1_base64="+vCYdUU9yQVP/TAMABg4shlk/Vo="></latexit><latexit sha1_base64="+vCYdUU9yQVP/TAMABg4shlk/Vo="></latexit><latexit sha1_base64="+vCYdUU9yQVP/TAMABg4shlk/Vo="></latexit>

 1.26  1.27  1.28  1.29  1.3  1.31

R (m )4 c

HPQCD 08

HPQCD 10

MP 16

PW 19

 1.105  1.11  1.115  1.12  1.125

R /R (m )6 8 c

HPQCD 08

HPQCD 10

JLQCD 16

MP 16

PW 19

 1.046  1.048  1.05  1.052  1.054  1.056

R /R (m )8 10 c

HPQCD 08

HPQCD 10

JLQCD 16

MP 16

PW 19

5



Extracting the strong coupling constant in 3f QCD 
Natural choice: µ = µm = mh(mh)
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↵s(mh), R6, R8, R10 ! mh(mh) ! ⇤
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MS
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mh
mc

R4 R6/R8 R8/R10 av. ⇤
nf=3

MS
[MeV]

1.0 0.3815(55)(30)(22) 0.3837(25)(180)(40) 0.3550(63)(140)(88) 0.3788(65) 315(9)
1.5 0.3119(28)(4)(4) 0.3073(42)(63)(7) 0.2954(75)(60)(17) 0.3099(48) 311(10)
2.0 0.2651(28)(7)(1) 0.2689(26)(35)(2) 0.2587(37)(34)(6) 0.2649(29) 285(8)
3.0 0.2155(83)(3)(1) 0.2338(35)(19)(1) 0.2215(367)(17)(1) 0.2303(150) 284(48)

<latexit sha1_base64="2CDCK7Ur8lf45CrvSTAwUNOzcp4="></latexit><latexit sha1_base64="2CDCK7Ur8lf45CrvSTAwUNOzcp4="></latexit><latexit sha1_base64="2CDCK7Ur8lf45CrvSTAwUNOzcp4="></latexit><latexit sha1_base64="2CDCK7Ur8lf45CrvSTAwUNOzcp4="></latexit>

mh = 2mc result is an outlier; weighted average + spread :
<latexit sha1_base64="vot5txavJwywBsOs5kVKtbEmPkQ=">AAACJnicbVDLSgNBEJz1bXxFPXppjIIgyG4uiiIIXjxGMCrEsMzOdpLBmdllplcJIV/jxV/x4kER8eanOHkcfDUMFFXdXdOV5Eo6CsOPYGJyanpmdm6+tLC4tLxSXl27dFlhBdZFpjJ7nXCHShqskySF17lFrhOFV8nt6UC/ukPrZGYuqJtjU/O2kS0pOHkqLh9v6bhzXAUdiy2w6ApFIB1wA1lBSqI9gnuU7Q5hCtwv4m2EXXADjxQO43Il3AuHBX9BNAYVNq5aXH65STNRaDQkFHeuEYU5NXvckhQK+6WbwmHOxa23aXhouEbX7A3P7MO2Z1JoZdY/QzBkv0/0uHauqxPfqTl13G9tQP6nNQpqHTR70uQFoREjo1ahgDIYZAaptChIdT3gwkr/VxAdbrkgn2zJhxD9PvkvuKzuRR6fVysn1XEcc2yDbbIdFrF9dsLOWI3VmWAP7Im9sNfgMXgO3oL3UetEMJ5ZZz8q+PwCi/aj7g==</latexit><latexit sha1_base64="vot5txavJwywBsOs5kVKtbEmPkQ=">AAACJnicbVDLSgNBEJz1bXxFPXppjIIgyG4uiiIIXjxGMCrEsMzOdpLBmdllplcJIV/jxV/x4kER8eanOHkcfDUMFFXdXdOV5Eo6CsOPYGJyanpmdm6+tLC4tLxSXl27dFlhBdZFpjJ7nXCHShqskySF17lFrhOFV8nt6UC/ukPrZGYuqJtjU/O2kS0pOHkqLh9v6bhzXAUdiy2w6ApFIB1wA1lBSqI9gnuU7Q5hCtwv4m2EXXADjxQO43Il3AuHBX9BNAYVNq5aXH65STNRaDQkFHeuEYU5NXvckhQK+6WbwmHOxa23aXhouEbX7A3P7MO2Z1JoZdY/QzBkv0/0uHauqxPfqTl13G9tQP6nNQpqHTR70uQFoREjo1ahgDIYZAaptChIdT3gwkr/VxAdbrkgn2zJhxD9PvkvuKzuRR6fVysn1XEcc2yDbbIdFrF9dsLOWI3VmWAP7Im9sNfgMXgO3oL3UetEMJ5ZZz8q+PwCi/aj7g==</latexit><latexit sha1_base64="vot5txavJwywBsOs5kVKtbEmPkQ=">AAACJnicbVDLSgNBEJz1bXxFPXppjIIgyG4uiiIIXjxGMCrEsMzOdpLBmdllplcJIV/jxV/x4kER8eanOHkcfDUMFFXdXdOV5Eo6CsOPYGJyanpmdm6+tLC4tLxSXl27dFlhBdZFpjJ7nXCHShqskySF17lFrhOFV8nt6UC/ukPrZGYuqJtjU/O2kS0pOHkqLh9v6bhzXAUdiy2w6ApFIB1wA1lBSqI9gnuU7Q5hCtwv4m2EXXADjxQO43Il3AuHBX9BNAYVNq5aXH65STNRaDQkFHeuEYU5NXvckhQK+6WbwmHOxa23aXhouEbX7A3P7MO2Z1JoZdY/QzBkv0/0uHauqxPfqTl13G9tQP6nNQpqHTR70uQFoREjo1ahgDIYZAaptChIdT3gwkr/VxAdbrkgn2zJhxD9PvkvuKzuRR6fVysn1XEcc2yDbbIdFrF9dsLOWI3VmWAP7Im9sNfgMXgO3oL3UetEMJ5ZZz8q+PwCi/aj7g==</latexit><latexit sha1_base64="vot5txavJwywBsOs5kVKtbEmPkQ=">AAACJnicbVDLSgNBEJz1bXxFPXppjIIgyG4uiiIIXjxGMCrEsMzOdpLBmdllplcJIV/jxV/x4kER8eanOHkcfDUMFFXdXdOV5Eo6CsOPYGJyanpmdm6+tLC4tLxSXl27dFlhBdZFpjJ7nXCHShqskySF17lFrhOFV8nt6UC/ukPrZGYuqJtjU/O2kS0pOHkqLh9v6bhzXAUdiy2w6ApFIB1wA1lBSqI9gnuU7Q5hCtwv4m2EXXADjxQO43Il3AuHBX9BNAYVNq5aXH65STNRaDQkFHeuEYU5NXvckhQK+6WbwmHOxa23aXhouEbX7A3P7MO2Z1JoZdY/QzBkv0/0uHauqxPfqTl13G9tQP6nNQpqHTR70uQFoREjo1ahgDIYZAaptChIdT3gwkr/VxAdbrkgn2zJhxD9PvkvuKzuRR6fVysn1XEcc2yDbbIdFrF9dsLOWI3VmWAP7Im9sNfgMXgO3oL3UetEMJ5ZZz8q+PwCi/aj7g==</latexit>

perturbative error: ±5⇥ rn3↵4
s

condensate error: h↵s
⇡ G2i = (�0.006± 0.012) GeV4

<latexit sha1_base64="lZ/qnrICyTQP9eDEDKpLxzMtwFg="></latexit><latexit sha1_base64="lZ/qnrICyTQP9eDEDKpLxzMtwFg="></latexit><latexit sha1_base64="lZ/qnrICyTQP9eDEDKpLxzMtwFg="></latexit><latexit sha1_base64="lZ/qnrICyTQP9eDEDKpLxzMtwFg="></latexit>

perturbative and condensate errors decrease with increasing mh/mc
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R8/R10 gives systematically lower values of ↵s(mh) except for mh = 2mc
<latexit sha1_base64="Esnb4hTQKX0D+DMykCAo7uRyod0=">AAACQXicbVC7TgMxEPTxJrwClDQWOSRo4C4NNEhINJSACERKotOes5dY2OeT7QtEp/waDX9AR09DAUK0NDghBa+tRjOz2tmJM8GNDYJHb2Jyanpmdm6+tLC4tLxSXl27NCrXDGtMCaXrMRgUPMWa5VZgPdMIMhZ4FV8fD/WrHmrDVXph+xm2JHRSnnAG1lFRue6fRwd751ERBgOfdngPDTV9Y1E6AwMh+lSoG9S0ByJ3mkqo3w SRdSEy2zLq7vgUbxlmliZKU98xh1UqI+ZH5UqwG4yG/gXhGFTIeE6j8kOzrVguMbVMgDGNMMhsqwDtcggclJq5wQzYNXSw4WAKEk2rGDUwoFuOaY8iJCq1dMR+3yhAGtOXsXO6x7rmtzYk/9MauU0OWgVPs9xiyr4OJbmgVtFhnbTNNTLrWmpzYJq7rJR1QQOzrvSSKyH8/fJfcFndDR0+q1aOquM65sgG2STbJCT75IickFNSI4zckSfyQl69e+/Ze/Pev6wT3nhnnfwY7+MTWUCuQg==</latexit><latexit sha1_base64="Esnb4hTQKX0D+DMykCAo7uRyod0=">AAACQXicbVC7TgMxEPTxJrwClDQWOSRo4C4NNEhINJSACERKotOes5dY2OeT7QtEp/waDX9AR09DAUK0NDghBa+tRjOz2tmJM8GNDYJHb2Jyanpmdm6+tLC4tLxSXl27NCrXDGtMCaXrMRgUPMWa5VZgPdMIMhZ4FV8fD/WrHmrDVXph+xm2JHRSnnAG1lFRue6fRwd751ERBgOfdngPDTV9Y1E6AwMh+lSoG9S0ByJ3mkqo3w SRdSEy2zLq7vgUbxlmliZKU98xh1UqI+ZH5UqwG4yG/gXhGFTIeE6j8kOzrVguMbVMgDGNMMhsqwDtcggclJq5wQzYNXSw4WAKEk2rGDUwoFuOaY8iJCq1dMR+3yhAGtOXsXO6x7rmtzYk/9MauU0OWgVPs9xiyr4OJbmgVtFhnbTNNTLrWmpzYJq7rJR1QQOzrvSSKyH8/fJfcFndDR0+q1aOquM65sgG2STbJCT75IickFNSI4zckSfyQl69e+/Ze/Pev6wT3nhnnfwY7+MTWUCuQg==</latexit><latexit sha1_base64="Esnb4hTQKX0D+DMykCAo7uRyod0=">AAACQXicbVC7TgMxEPTxJrwClDQWOSRo4C4NNEhINJSACERKotOes5dY2OeT7QtEp/waDX9AR09DAUK0NDghBa+tRjOz2tmJM8GNDYJHb2Jyanpmdm6+tLC4tLxSXl27NCrXDGtMCaXrMRgUPMWa5VZgPdMIMhZ4FV8fD/WrHmrDVXph+xm2JHRSnnAG1lFRue6fRwd751ERBgOfdngPDTV9Y1E6AwMh+lSoG9S0ByJ3mkqo3w SRdSEy2zLq7vgUbxlmliZKU98xh1UqI+ZH5UqwG4yG/gXhGFTIeE6j8kOzrVguMbVMgDGNMMhsqwDtcggclJq5wQzYNXSw4WAKEk2rGDUwoFuOaY8iJCq1dMR+3yhAGtOXsXO6x7rmtzYk/9MauU0OWgVPs9xiyr4OJbmgVtFhnbTNNTLrWmpzYJq7rJR1QQOzrvSSKyH8/fJfcFndDR0+q1aOquM65sgG2STbJCT75IickFNSI4zckSfyQl69e+/Ze/Pev6wT3nhnnfwY7+MTWUCuQg==</latexit><latexit sha1_base64="Esnb4hTQKX0D+DMykCAo7uRyod0=">AAACQXicbVC7TgMxEPTxJrwClDQWOSRo4C4NNEhINJSACERKotOes5dY2OeT7QtEp/waDX9AR09DAUK0NDghBa+tRjOz2tmJM8GNDYJHb2Jyanpmdm6+tLC4tLxSXl27NCrXDGtMCaXrMRgUPMWa5VZgPdMIMhZ4FV8fD/WrHmrDVXph+xm2JHRSnnAG1lFRue6fRwd751ERBgOfdngPDTV9Y1E6AwMh+lSoG9S0ByJ3mkqo3w SRdSEy2zLq7vgUbxlmliZKU98xh1UqI+ZH5UqwG4yG/gXhGFTIeE6j8kOzrVguMbVMgDGNMMhsqwDtcggclJq5wQzYNXSw4WAKEk2rGDUwoFuOaY8iJCq1dMR+3yhAGtOXsXO6x7rmtzYk/9MauU0OWgVPs9xiyr4OJbmgVtFhnbTNNTLrWmpzYJq7rJR1QQOzrvSSKyH8/fJfcFndDR0+q1aOquM65sgG2STbJCT75IickFNSI4zckSfyQl69e+/Ze/Pev6wT3nhnnfwY7+MTWUCuQg==</latexit>

Take weighted average of R4, R6/R8, R8/R10 results to get the final ↵s(mh)
<latexit sha1_base64="jS8QVSMAhMz69bjT+oJdPFDCFVc=">AAACSXicbZBNT9tAEIbXoXyFj6btkcuqMRJICOyoojki9cIREAGkJDLjzTheZb22dsetIit/r5feeut/4NJDK9RT10kOLTDSah+9M6OZeeNCSUtB8MNrrLxaXVvf2Gxube/svm69eXtj89II7Ilc5eYuBotKauyRJIV3hUHIYoW38eRTnb/9jMbKXF/TtMBhBmMtEymAnBS17q9hgvwLynFKOOLgamGMPE+4fxV98I/q7/TkKu ousOuwCoOZzw3aUpHllPMxEqcUeSI1KO4PQBUpRPYgi9JDP2q1g+NgHvw5hEtos2VcRK3vg1Euygw1CQXW9sOgoGEFhqRQOGsOSosFiIlbs+9QQ4Z2WM2dmPF9p4x4khv3NPG5+m9HBZm10yx2lRlQap/mavGlXL+kpDuspC5KQi0Wg5JS1efXtvKRNChITR2AMNLtykUKBgQ585vOhPDpyc/hpnMcOr7stM86Szs22B57zw5YyD6yM3bOLliPCfaVPbBf7Lf3zfvpPXp/FqUNb9nzjv0XjZW/xuWuFw==</latexit><latexit sha1_base64="jS8QVSMAhMz69bjT+oJdPFDCFVc=">AAACSXicbZBNT9tAEIbXoXyFj6btkcuqMRJICOyoojki9cIREAGkJDLjzTheZb22dsetIit/r5feeut/4NJDK9RT10kOLTDSah+9M6OZeeNCSUtB8MNrrLxaXVvf2Gxube/svm69eXtj89II7Ilc5eYuBotKauyRJIV3hUHIYoW38eRTnb/9jMbKXF/TtMBhBmMtEymAnBS17q9hgvwLynFKOOLgamGMPE+4fxV98I/q7/TkKu ousOuwCoOZzw3aUpHllPMxEqcUeSI1KO4PQBUpRPYgi9JDP2q1g+NgHvw5hEtos2VcRK3vg1Euygw1CQXW9sOgoGEFhqRQOGsOSosFiIlbs+9QQ4Z2WM2dmPF9p4x4khv3NPG5+m9HBZm10yx2lRlQap/mavGlXL+kpDuspC5KQi0Wg5JS1efXtvKRNChITR2AMNLtykUKBgQ585vOhPDpyc/hpnMcOr7stM86Szs22B57zw5YyD6yM3bOLliPCfaVPbBf7Lf3zfvpPXp/FqUNb9nzjv0XjZW/xuWuFw==</latexit><latexit sha1_base64="jS8QVSMAhMz69bjT+oJdPFDCFVc=">AAACSXicbZBNT9tAEIbXoXyFj6btkcuqMRJICOyoojki9cIREAGkJDLjzTheZb22dsetIit/r5feeut/4NJDK9RT10kOLTDSah+9M6OZeeNCSUtB8MNrrLxaXVvf2Gxube/svm69eXtj89II7Ilc5eYuBotKauyRJIV3hUHIYoW38eRTnb/9jMbKXF/TtMBhBmMtEymAnBS17q9hgvwLynFKOOLgamGMPE+4fxV98I/q7/TkKu ousOuwCoOZzw3aUpHllPMxEqcUeSI1KO4PQBUpRPYgi9JDP2q1g+NgHvw5hEtos2VcRK3vg1Euygw1CQXW9sOgoGEFhqRQOGsOSosFiIlbs+9QQ4Z2WM2dmPF9p4x4khv3NPG5+m9HBZm10yx2lRlQap/mavGlXL+kpDuspC5KQi0Wg5JS1efXtvKRNChITR2AMNLtykUKBgQ585vOhPDpyc/hpnMcOr7stM86Szs22B57zw5YyD6yM3bOLliPCfaVPbBf7Lf3zfvpPXp/FqUNb9nzjv0XjZW/xuWuFw==</latexit><latexit sha1_base64="jS8QVSMAhMz69bjT+oJdPFDCFVc=">AAACSXicbZBNT9tAEIbXoXyFj6btkcuqMRJICOyoojki9cIREAGkJDLjzTheZb22dsetIit/r5feeut/4NJDK9RT10kOLTDSah+9M6OZeeNCSUtB8MNrrLxaXVvf2Gxube/svm69eXtj89II7Ilc5eYuBotKauyRJIV3hUHIYoW38eRTnb/9jMbKXF/TtMBhBmMtEymAnBS17q9hgvwLynFKOOLgamGMPE+4fxV98I/q7/TkKu ousOuwCoOZzw3aUpHllPMxEqcUeSI1KO4PQBUpRPYgi9JDP2q1g+NgHvw5hEtos2VcRK3vg1Euygw1CQXW9sOgoGEFhqRQOGsOSosFiIlbs+9QQ4Z2WM2dmPF9p4x4khv3NPG5+m9HBZm10yx2lRlQap/mavGlXL+kpDuspC5KQi0Wg5JS1efXtvKRNChITR2AMNLtykUKBgQ585vOhPDpyc/hpnMcOr7stM86Szs22B57zw5YyD6yM3bOLliPCfaVPbBf7Lf3zfvpPXp/FqUNb9nzjv0XjZW/xuWuFw==</latexit>

⇤
nf=3

MS
= 298± 16 MeV

<latexit sha1_base64="zCy+Hcapve/AKxoFTN4h4WbjzFA="></latexit><latexit sha1_base64="tqeOqcLAYFAfulbA0WEVW5VH29E="></latexit><latexit sha1_base64="tqeOqcLAYFAfulbA0WEVW5VH29E="></latexit><latexit sha1_base64="uX4x/nYaf+4cpZ6YyRdhI0X4sXs="></latexit>

↵s(MZ) = 0.1159(12)
<latexit sha1_base64="8QhYqjQRwLBJ8DuzahHw5Z8pFOA="></latexit><latexit sha1_base64="/npOrkv1HWYMtiIUoEJIb6S9q9Q="></latexit><latexit sha1_base64="/npOrkv1HWYMtiIUoEJIb6S9q9Q="></latexit><latexit sha1_base64="FEM4wb9I5/jjpzUztSo29dqHnF0=">AAACAXicdVDLSgMxFM3UV62vqhvBTbAI7WbIjLWPhVBw40aoYB/YDkMmTdvQzIMkI5RSN/6KGxeKuPUv3Pk3ZtoKKnrgwuGce7n3Hi/iTCqEPozU0vLK6lp6PbOxubW9k93da8owFoQ2SMhD0fawpJwFtKGY4rQdCYp9j9OWNzpP/NYtFZKFwbUaR9Tx8SBgfUaw0pKbPehiHg2xK/OX7k3hDJmWdVrNW3bBzeaQWa2U7GIJIhOhsmVbCbHLxZMitLSSIAcWqLvZ924vJLFPA0U4lrJjoUg5EywUI5xOM91Y0giTER7QjqYB9ql0JrMPpvBYKz3YD4WuQMGZ+n1ign0px76nO32shvK3l4h/eZ1Y9SvOhAVRrGhA5ov6MYcqhEkcsMcEJYqPNcFEMH0rJEMsMFE6tIwO4etT+D9p2jo1E12hXM1exJEGh+AI5IEFyqAGLkAdNAABd+ABPIFn4954NF6M13lryljM7IMfMN4+AcqplHM=</latexit>

Problems with continuum extrapolations ?
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The lattice results on the running coupling constant  

Allison et al, PRD 78 (2008) 054513; McNeile et al, PRD 82 (2010) 034512; 
Chakraborty et al,  PRD 91 (2015) 054508

Bazavov et al, PRD 90 (2014) 074038 
Our result on ↵s from the moments agrees with the ↵s from the static potential

but is lower than HPQCD result from the moments
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Summary of ⍺s from moment of quarkonium correlators 

 0.11  0.115  0.12  0.125  0.13

HPQCD 08 (superseded)
MP 16 (superseded)

PW 19
mh= mc mh=1.5mcmh=2 mc mh=3 mc
JLQCD 16

HPQCD 14
HPQCD 10

Average of PW 19
w. average
w. all mh
w. mh<2mc

Quarkonium moments

Tension between the new and HPQCD results

exclude mh = 2mc results when taking the weighted average

↵s(MZ) = 0.1175+0.0008
�0.0010, �2/df = 5.24/4

<latexit sha1_base64="Whz/2Oo+gt4LmJX+sLdC4Wv3sVw="></latexit><latexit sha1_base64="Whz/2Oo+gt4LmJX+sLdC4Wv3sVw="></latexit><latexit sha1_base64="Whz/2Oo+gt4LmJX+sLdC4Wv3sVw="></latexit><latexit sha1_base64="Whz/2Oo+gt4LmJX+sLdC4Wv3sVw="></latexit>
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Static quark anti-quark potential in perturbation theory  

Solution: First take the derivative in r (RS term is gone)  the re-sum the large logarithm  ν=1/r
Þcalculate the force:  

Problem : Either we have a  large log(νr) or r-dependent renormalon term (large uncertainty)

Potential from pNRQCD,    ultrasoft logs,  renormalon              

E0(r) = Vs(r, ⌫, µ) + �US(r, ⌫, µ) +RS(⇢)

E0(r) =

Z r

r⇤
dr0F (r0) + const

Necco, Sommer, PLB 523 (2001) 135, Sumino, PRD 65 (2002) 054003

see e.g. Garcia i Tormo, MPLA 28 133028 for a review

F (r,
1

r
) =

CF

r2
↵s(1/r)[1 +

↵s(1/r)

4⇡

⇣
ã1 � 2�0

⌘
+

↵2
s(1/r)

(4⇡)2

⇣
ã2 � 4ã1�0 � 2�1

⌘

+
↵3
s(1/r)

(4⇡)3

⇣
ã3 � 6ã2�0 � 4ã1�1 � 2�2

⌘
+
↵3
s(1/r)

(4⇡)3
aL3 ln

CA↵s(1/r)

2
+O(↵4

s,↵
5
s ln↵s)

#

<latexit sha1_base64="tWrXVVV1Ip7ZYQkA6TrwbYgbhg4=">AAAEDXicjVPLjtMwFM2kPIbw6sCSjUUFSjXTTpKWxwZpYKQRCyQGic6MVLeR47itNY4TbAepivwDbPgVNixAiC17dvwNSZpWbcqCK0W6vsfnnnuP4iBhVCrH+bNjNq5cvXZ994Z189btO3ebe/fOZJwKTAY4ZrG4CJAkjHIyUFQxcpEIgqKAkfPg8rjAzz8SIWnM36t5QkYRmnI6oRipvOTvmS0YkCnlGfnAkRBorq3HFgypTB </latexit><latexit sha1_base64="tWrXVVV1Ip7ZYQkA6TrwbYgbhg4=">AAAEDXicjVPLjtMwFM2kPIbw6sCSjUUFSjXTTpKWxwZpYKQRCyQGic6MVLeR47itNY4TbAepivwDbPgVNixAiC17dvwNSZpWbcqCK0W6vsfnnnuP4iBhVCrH+bNjNq5cvXZ994Z189btO3ebe/fOZJwKTAY4ZrG4CJAkjHIyUFQxcpEIgqKAkfPg8rjAzz8SIWnM36t5QkYRmnI6oRipvOTvmS0YkCnlGfnAkRBorq3HFgypTB </latexit><latexit sha1_base64="tWrXVVV1Ip7ZYQkA6TrwbYgbhg4=">AAAEDXicjVPLjtMwFM2kPIbw6sCSjUUFSjXTTpKWxwZpYKQRCyQGic6MVLeR47itNY4TbAepivwDbPgVNixAiC17dvwNSZpWbcqCK0W6vsfnnnuP4iBhVCrH+bNjNq5cvXZ994Z189btO3ebe/fOZJwKTAY4ZrG4CJAkjHIyUFQxcpEIgqKAkfPg8rjAzz8SIWnM36t5QkYRmnI6oRipvOTvmS0YkCnlGfnAkRBorq3HFgypTB </latexit><latexit sha1_base64="tWrXVVV1Ip7ZYQkA6TrwbYgbhg4=">AAAEDXicjVPLjtMwFM2kPIbw6sCSjUUFSjXTTpKWxwZpYKQRCyQGic6MVLeR47itNY4TbAepivwDbPgVNixAiC17dvwNSZpWbcqCK0W6vsfnnnuP4iBhVCrH+bNjNq5cvXZ994Z189btO3ebe/fOZJwKTAY4ZrG4CJAkjHIyUFQxcpEIgqKAkfPg8rjAzz8SIWnM36t5QkYRmnI6oRipvOTvmS0YkCnlGfnAkRBorq3HFgypTB </latexit>

Bazavov, Brambilla, Gacia i Tormo, PP, Soto, Vairo, PRD 90 (2014) 074038  

Bazavov, Brambilla, Gacia i Tormo, PP, Soto, Vairo, Weber,  PRD 100 (2019) 114511 9
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r/r1

r E + const

ENPC
HISQ: 1 � r/a � �8

ETLC
HISQ: 1 � r/a � �8

ETLC
HISQ: �8 � r/a � 5

E3L+us(�s=0.1167)

EAn.II
DWF: m�=300 MeV

E3L+us(�s=0.1179)

Static quark anti-quark potential on the lattice and 𝛼s  

r1 = 0.3106fm
<latexit sha1_base64="wnNK7GXQMMhqTerRXyGULN7DvC4=">AAAB9HicbZDLSgMxFIbP1FutVasu3QSL4KrMVFA3QsGNyxbsBdqhZNJMG5pkpkmmUIY+hxsXirh17XO4c+ejmF4W2vpD4OM/53BO/iDmTBvX/XIyG5tb2zvZ3dxefv/gsHB03NBRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN7N6s0xVZpF8sFMYuoL3JcsZAQba/mq6926pUvPvUKh6BaKbsmdC62Dt4RiJf9R+waAarfw2elFJBFUGsKx1m3PjY2fYmUY4XSa6ySaxpgMcZ+2LUosqPbT+dFTdG6dHgojZZ80aO7+nkix0HoiAtspsBno1drM/K/WTkx446dMxomhkiwWhQlHJkKzBFCPKUoMn1jARDF7KyIDrDAxNqecDcFb/fI6NMolz3LNplGGhbJwCmdwAR5cQwXuoQp1IDCCR3iGF2fsPDmvztuiNeMsZ07gj5z3HwkHknc=</latexit><latexit sha1_base64="Z2Wbh60WcktCZVsqL9EK3bKjJNQ=">AAAB9HicbZDLSgMxFIbP1FutVasuBQkWwVWZqaBuhIIbly3YC7RDyaSZNjTJjEmmUEqXPoMbF4q4dd3ncOcz+BKml4W2/hD4+M85nJM/iDnTxnW/nNTa+sbmVno7s5Pd3dvPHRzWdJQoQqsk4pFqBFhTziStGmY4bcSKYhFwWg/6t9N6fUCVZpG8N8OY+gJ3JQsZwcZavmp7N27hwnMvUSjaubxbcGdCq+AtIF/KTirfjyeTcjv32epEJBFUGsKx1k3PjY0/wsowwuk400o0jTHp4y5tWpRYUO2PZkeP0Zl1OiiMlH3SoJn7e2KEhdZDEdhOgU1PL9em5n+1ZmLCa3/EZJwYKsl8UZhwZCI0TQB1mKLE8KEFTBSztyLSwwoTY3PK2BC85S+vQq1Y8CxXbBpFmCsNx3AK5+DBFZTgDspQBQIP8AQv8OoMnGfnzXmft6acxcwR/JHz8QPnPZPd</latexit><latexit sha1_base64="Z2Wbh60WcktCZVsqL9EK3bKjJNQ=">AAAB9HicbZDLSgMxFIbP1FutVasuBQkWwVWZqaBuhIIbly3YC7RDyaSZNjTJjEmmUEqXPoMbF4q4dd3ncOcz+BKml4W2/hD4+M85nJM/iDnTxnW/nNTa+sbmVno7s5Pd3dvPHRzWdJQoQqsk4pFqBFhTziStGmY4bcSKYhFwWg/6t9N6fUCVZpG8N8OY+gJ3JQsZwcZavmp7N27hwnMvUSjaubxbcGdCq+AtIF/KTirfjyeTcjv32epEJBFUGsKx1k3PjY0/wsowwuk400o0jTHp4y5tWpRYUO2PZkeP0Zl1OiiMlH3SoJn7e2KEhdZDEdhOgU1PL9em5n+1ZmLCa3/EZJwYKsl8UZhwZCI0TQB1mKLE8KEFTBSztyLSwwoTY3PK2BC85S+vQq1Y8CxXbBpFmCsNx3AK5+DBFZTgDspQBQIP8AQv8OoMnGfnzXmft6acxcwR/JHz8QPnPZPd</latexit><latexit sha1_base64="3pylnmVDcbWBA5I6WkcBiBJSc78=">AAAB9HicbZDLSgMxFIbPeK31VnXpJlgEVyVTQd0IBTcuK9gLtEPJpJk2NMmMSaZQhj6HGxeKuPVh3Pk2pu0stPWHwMd/zuGc/GEiuLEYf3tr6xubW9uFneLu3v7BYenouGniVFPWoLGIdTskhgmuWMNyK1g70YzIULBWOLqb1Vtjpg2P1aOdJCyQZKB4xCmxzgp0z7/FlUsfX6FI9kplXMFzoVXwcyhDrnqv9NXtxzSVTFkqiDEdHyc2yIi2nAo2LXZTwxJCR2TAOg4VkcwE2fzoKTp3Th9FsXZPWTR3f09kRBozkaHrlMQOzXJtZv5X66Q2ugkyrpLUMkUXi6JUIBujWQKozzWjVkwcEKq5uxXRIdGEWpdT0YXgL395FZrViu/4AZdr1TyOApzCGVyAD9dQg3uoQwMoPMEzvMKbN/ZevHfvY9G65uUzJ/BH3ucPDr2QQg==</latexit>

Highly Improved Staggered Quark (HISQ) action, 0.025 fm < a < 0.06 fm
<latexit sha1_base64="2OqhpBxP0OhHVxIUnlQQ859NN+U=">AAACPXicbZBNa9tAEIZXTtKmbtqq6bGXJU7AgRIkQz8OPQRycW4x/grYwoxWI3nxriR2VwEjnB+WS/5Dbrn10kNL6bXXrGwT2rgvDLw8M8PuvGEuuDaed+/UtrZ3nj3ffVF/uffq9Rv37f5AZ4Vi2GeZyNRlCBoFT7FvuBF4mSsEGQochrOzqj+8QqV5lvbMPMdAQpLymDMwFk3cXpsnUzGn5zJX2RVGtGsgSVBZ1ylAzWizfd 7tHFNg1fwHeuideK2P1+VYSRrLBf1KwZaFnx7ZYX3iNixZim4af20aZK2LiXs3jjJWSEwNE6D1yPdyE5SgDGcCF/VxoTEHNoMER9amIFEH5fL6BT2yJKJxpmylhi7p3xslSK3nMrSTEsxUP+1V8H+9UWHiL0HJ07wwmLLVQ3EhqMloFSWNuEJmbHgRB6a4/StlU1A2Kht4FYL/9ORNM2id+NZ3Wo3T1jqOXfKeHJAm8clnckra5IL0CSM35Bv5QX46t85355fzezVac9Y778g/cv48ABccqsI=</latexit><latexit sha1_base64="2OqhpBxP0OhHVxIUnlQQ859NN+U=">AAACPXicbZBNa9tAEIZXTtKmbtqq6bGXJU7AgRIkQz8OPQRycW4x/grYwoxWI3nxriR2VwEjnB+WS/5Dbrn10kNL6bXXrGwT2rgvDLw8M8PuvGEuuDaed+/UtrZ3nj3ffVF/uffq9Rv37f5AZ4Vi2GeZyNRlCBoFT7FvuBF4mSsEGQochrOzqj+8QqV5lvbMPMdAQpLymDMwFk3cXpsnUzGn5zJX2RVGtGsgSVBZ1ylAzWizfd 7tHFNg1fwHeuideK2P1+VYSRrLBf1KwZaFnx7ZYX3iNixZim4af20aZK2LiXs3jjJWSEwNE6D1yPdyE5SgDGcCF/VxoTEHNoMER9amIFEH5fL6BT2yJKJxpmylhi7p3xslSK3nMrSTEsxUP+1V8H+9UWHiL0HJ07wwmLLVQ3EhqMloFSWNuEJmbHgRB6a4/StlU1A2Kht4FYL/9ORNM2id+NZ3Wo3T1jqOXfKeHJAm8clnckra5IL0CSM35Bv5QX46t85355fzezVac9Y778g/cv48ABccqsI=</latexit><latexit sha1_base64="2OqhpBxP0OhHVxIUnlQQ859NN+U=">AAACPXicbZBNa9tAEIZXTtKmbtqq6bGXJU7AgRIkQz8OPQRycW4x/grYwoxWI3nxriR2VwEjnB+WS/5Dbrn10kNL6bXXrGwT2rgvDLw8M8PuvGEuuDaed+/UtrZ3nj3ffVF/uffq9Rv37f5AZ4Vi2GeZyNRlCBoFT7FvuBF4mSsEGQochrOzqj+8QqV5lvbMPMdAQpLymDMwFk3cXpsnUzGn5zJX2RVGtGsgSVBZ1ylAzWizfd 7tHFNg1fwHeuideK2P1+VYSRrLBf1KwZaFnx7ZYX3iNixZim4af20aZK2LiXs3jjJWSEwNE6D1yPdyE5SgDGcCF/VxoTEHNoMER9amIFEH5fL6BT2yJKJxpmylhi7p3xslSK3nMrSTEsxUP+1V8H+9UWHiL0HJ07wwmLLVQ3EhqMloFSWNuEJmbHgRB6a4/StlU1A2Kht4FYL/9ORNM2id+NZ3Wo3T1jqOXfKeHJAm8clnckra5IL0CSM35Bv5QX46t85355fzezVac9Y778g/cv48ABccqsI=</latexit><latexit sha1_base64="2OqhpBxP0OhHVxIUnlQQ859NN+U=">AAACPXicbZBNa9tAEIZXTtKmbtqq6bGXJU7AgRIkQz8OPQRycW4x/grYwoxWI3nxriR2VwEjnB+WS/5Dbrn10kNL6bXXrGwT2rgvDLw8M8PuvGEuuDaed+/UtrZ3nj3ffVF/uffq9Rv37f5AZ4Vi2GeZyNRlCBoFT7FvuBF4mSsEGQochrOzqj+8QqV5lvbMPMdAQpLymDMwFk3cXpsnUzGn5zJX2RVGtGsgSVBZ1ylAzWizfd 7tHFNg1fwHeuideK2P1+VYSRrLBf1KwZaFnx7ZYX3iNixZim4af20aZK2LiXs3jjJWSEwNE6D1yPdyE5SgDGcCF/VxoTEHNoMER9amIFEH5fL6BT2yJKJxpmylhi7p3xslSK3nMrSTEsxUP+1V8H+9UWHiL0HJ07wwmLLVQ3EhqMloFSWNuEJmbHgRB6a4/StlU1A2Kht4FYL/9ORNM2id+NZ3Wo3T1jqOXfKeHJAm8clnckra5IL0CSM35Bv5QX46t85355fzezVac9Y778g/cv48ABccqsI=</latexit>

Domain Wall Fermion (DWF) discretization : 0.044 fm < a < 0.08 fm
<latexit sha1_base64="+K13Ma13ojrc78wFqCLdWQSB9oc=">AAACOHicbZBNSwMxEIazflu/qh69BFtBL7JbBEU8CIp4U8HaQlvKbDqrwSS7JFmhLvVfefFneBMvHhTx6i8wrYv49cLAyzMzJPOGieDG+v6DNzQ8Mjo2PjFZmJqemZ0rzi+cmTjVDKssFrGuh2BQcIVVy63AeqIRZCiwFl7u9fu1K9SGx+rUdhNsSThXPOIMrEPt4tF+LIErWgMh6AFq6Shd3a8drNEON0yj5deDUbpNy/66v7 FxkzW1pJHs0R0Krhzc+mLldrHkwED0rwlyUyK5jtvF+2YnZqlEZZkAYxqBn9hWBtpyJrBXaKYGE2CXcI4NZxVINK1scHiPrjjSoVGsXSlLB/T7RgbSmK4M3aQEe2F+9/rwv14jtdFWK+MqSS0q9vlQlApqY9pP0WWjkVnRdQaY5u6vlF2ABmZd1gUXQvD75L/mrLIeOH9SKe1W8jgmyBJZJqskIJtklxySY1IljNySR/JMXrw778l79d4+R4e8fGeR/JD3/gGX9akk</latexit><latexit sha1_base64="+K13Ma13ojrc78wFqCLdWQSB9oc=">AAACOHicbZBNSwMxEIazflu/qh69BFtBL7JbBEU8CIp4U8HaQlvKbDqrwSS7JFmhLvVfefFneBMvHhTx6i8wrYv49cLAyzMzJPOGieDG+v6DNzQ8Mjo2PjFZmJqemZ0rzi+cmTjVDKssFrGuh2BQcIVVy63AeqIRZCiwFl7u9fu1K9SGx+rUdhNsSThXPOIMrEPt4tF+LIErWgMh6AFq6Shd3a8drNEON0yj5deDUbpNy/66v7 FxkzW1pJHs0R0Krhzc+mLldrHkwED0rwlyUyK5jtvF+2YnZqlEZZkAYxqBn9hWBtpyJrBXaKYGE2CXcI4NZxVINK1scHiPrjjSoVGsXSlLB/T7RgbSmK4M3aQEe2F+9/rwv14jtdFWK+MqSS0q9vlQlApqY9pP0WWjkVnRdQaY5u6vlF2ABmZd1gUXQvD75L/mrLIeOH9SKe1W8jgmyBJZJqskIJtklxySY1IljNySR/JMXrw778l79d4+R4e8fGeR/JD3/gGX9akk</latexit><latexit sha1_base64="+K13Ma13ojrc78wFqCLdWQSB9oc=">AAACOHicbZBNSwMxEIazflu/qh69BFtBL7JbBEU8CIp4U8HaQlvKbDqrwSS7JFmhLvVfefFneBMvHhTx6i8wrYv49cLAyzMzJPOGieDG+v6DNzQ8Mjo2PjFZmJqemZ0rzi+cmTjVDKssFrGuh2BQcIVVy63AeqIRZCiwFl7u9fu1K9SGx+rUdhNsSThXPOIMrEPt4tF+LIErWgMh6AFq6Shd3a8drNEON0yj5deDUbpNy/66v7 FxkzW1pJHs0R0Krhzc+mLldrHkwED0rwlyUyK5jtvF+2YnZqlEZZkAYxqBn9hWBtpyJrBXaKYGE2CXcI4NZxVINK1scHiPrjjSoVGsXSlLB/T7RgbSmK4M3aQEe2F+9/rwv14jtdFWK+MqSS0q9vlQlApqY9pP0WWjkVnRdQaY5u6vlF2ABmZd1gUXQvD75L/mrLIeOH9SKe1W8jgmyBJZJqskIJtklxySY1IljNySR/JMXrw778l79d4+R4e8fGeR/JD3/gGX9akk</latexit><latexit sha1_base64="+K13Ma13ojrc78wFqCLdWQSB9oc=">AAACOHicbZBNSwMxEIazflu/qh69BFtBL7JbBEU8CIp4U8HaQlvKbDqrwSS7JFmhLvVfefFneBMvHhTx6i8wrYv49cLAyzMzJPOGieDG+v6DNzQ8Mjo2PjFZmJqemZ0rzi+cmTjVDKssFrGuh2BQcIVVy63AeqIRZCiwFl7u9fu1K9SGx+rUdhNsSThXPOIMrEPt4tF+LIErWgMh6AFq6Shd3a8drNEON0yj5deDUbpNy/66v7 FxkzW1pJHs0R0Krhzc+mLldrHkwED0rwlyUyK5jtvF+2YnZqlEZZkAYxqBn9hWBtpyJrBXaKYGE2CXcI4NZxVINK1scHiPrjjSoVGsXSlLB/T7RgbSmK4M3aQEe2F+9/rwv14jtdFWK+MqSS0q9vlQlApqY9pP0WWjkVnRdQaY5u6vlF2ABmZd1gUXQvD75L/mrLIeOH9SKe1W8jgmyBJZJqskIJtklxySY1IljNySR/JMXrw778l79d4+R4e8fGeR/JD3/gGX9akk</latexit>

↵s(MZ) = 0.11660+0.00110
�0.00056

<latexit sha1_base64="TRoTl8pQ7wZYsezHUmwK6guEuVA="></latexit><latexit sha1_base64="yhbVY7IZupisPQMWSsOxIWM39gA="></latexit><latexit sha1_base64="yhbVY7IZupisPQMWSsOxIWM39gA="></latexit><latexit sha1_base64="2/xxY79TN2UAg62QB9135jFgRjw="></latexit>

Bazavov et al, PRD 100 (2019) 114511 

↵s(MZ) = 0.1166+0.0021
�0.0020 (An.I)

<latexit sha1_base64="K8CuA0AxsxtfD+oIFCVIJOr2qpc=">AAACH3icdZBPixMxGMbf2X92q7tb15N4CVuEFtmS9NA/B6HqRQ8LXdj+wbY7ZNK0Dc1khiQjlGH8Cn4BL34VL3tQRLz122ym3QUVfSDw43nekLxPEEthLMZrb2d3b//gQeGw+PDR0fFJ6fFp30SJZrzHIhnpYUANl0LxnhVW8mGsOQ0DyQfB8k2eDz5wbUSkruwq5pOQzpWYCUats/xSY0xlvKC+qVz476svcY2QRuM6fYFrGN dJ5qfnG8LZx3SsQ1R5pWroXTXzS+Xcx4QQlANpNrCDdrtVJy1E8sip3Hn66TU4df3Sr/E0YknIlWWSGjMiOLaTlGormORZcZwYHlO2pHM+cqhoyM0k3eyXoefOmaJZpN1RFm3c32+kNDRmFQZuMqR2Yf7OcvNf2Sixs9YkFSpOLFds+9AskchGKC8LTYXmzMqVA8q0cH9FbEE1ZdZVWnQl3G+K/g/9uuu0hi9dG3XYqgDP4AwqQKAJHXgLXegBg8/wFb7Bd++Ld+P98H5uR3e8uztP4A9561uRJ5+1</latexit><latexit sha1_base64="Y8lp0a3rYCM6DTQ9O/M64ZCfGlQ=">AAACH3icdZDNSgMxFIUz9b/+VV2Jm6AIFbEkXdS6EBQ3uhAqWC22dcikqQ1mMkOSEcowvoIv4MZXceNCEXEjfQ2fwEyroKIXAh/n3MvNPV4ouDYI9ZzM0PDI6Nj4RHZyanpmNjc3f6KDSFFWpYEIVM0jmgkuWdVwI1gtVIz4nmCn3uVe6p9eMaV5II9NN2RNn1xI3uaUGCu5uVKDiLBDXJ0/dM/WtlEB41LpPF5HBYSKOHHjjT 6h5DpuKB/md2UBHqwlbm4l1RHGGKaAN0vIwtZWuYjLEKeWrZWdxZvd9/k3XXFzr41WQCOfSUMF0bqOUWiaMVGGU8GSbCPSLCT0klywukVJfKabcf++BK5apQXbgbJPGthXv0/ExNe663u20yemo397qfiXV49Mu9yMuQwjwyQdLGpHApoApmHBFleMGtG1QKji9q+Qdogi1NhIszaEr0vh/3BStJkW0JFNowgGNQ6WwDLIAww2wQ7YBxVQBRTcgnvwCJ6cO+fBeXZeBq0Z53NmAfwop/cBpbKiAg==</latexit><latexit sha1_base64="Y8lp0a3rYCM6DTQ9O/M64ZCfGlQ=">AAACH3icdZDNSgMxFIUz9b/+VV2Jm6AIFbEkXdS6EBQ3uhAqWC22dcikqQ1mMkOSEcowvoIv4MZXceNCEXEjfQ2fwEyroKIXAh/n3MvNPV4ouDYI9ZzM0PDI6Nj4RHZyanpmNjc3f6KDSFFWpYEIVM0jmgkuWdVwI1gtVIz4nmCn3uVe6p9eMaV5II9NN2RNn1xI3uaUGCu5uVKDiLBDXJ0/dM/WtlEB41LpPF5HBYSKOHHjjT 6h5DpuKB/md2UBHqwlbm4l1RHGGKaAN0vIwtZWuYjLEKeWrZWdxZvd9/k3XXFzr41WQCOfSUMF0bqOUWiaMVGGU8GSbCPSLCT0klywukVJfKabcf++BK5apQXbgbJPGthXv0/ExNe663u20yemo397qfiXV49Mu9yMuQwjwyQdLGpHApoApmHBFleMGtG1QKji9q+Qdogi1NhIszaEr0vh/3BStJkW0JFNowgGNQ6WwDLIAww2wQ7YBxVQBRTcgnvwCJ6cO+fBeXZeBq0Z53NmAfwop/cBpbKiAg==</latexit><latexit sha1_base64="atUDm+Fc9OWFVcQGu5OLULbkSv4=">AAACH3icdZDLSgMxFIYz9VbrrerSTbAIFbEkXfSyEBQ3uhAUrBbbOmTStA3NZIYkI5RhfBI3voobF4qIO9/GTK2gogcCH/9/Difn90LBtUHo3clMTc/MzmXncwuLS8sr+dW1Cx1EirIGDUSgmh7RTHDJGoYbwZqhYsT3BLv0hoepf3nDlOaBPDejkHV80pe8xykxVnLzlTYR4YC4unjiXm3voRLGlcp1vINKCJVx4sa7Y0LJbd xWPiweyBI83k7cfCHVEcYYpoCrFWShXq+VcQ3i1LJVAJM6dfNv7W5AI59JQwXRuoVRaDoxUYZTwZJcO9IsJHRI+qxlURKf6U48vi+BW1bpwl6g7JMGjtXvEzHxtR75nu30iRno314q/uW1ItOrdWIuw8gwST8X9SIBTQDTsGCXK0aNGFkgVHH7V0gHRBFqbKQ5G8LXpfB/uCjbTEvoDBX2y5M4smADbIIiwKAK9sEROAUNQMEdeABP4Nm5dx6dF+f1szXjTGbWwY9y3j8A/e6eiw==</latexit>

↵s(MZ) = 0.1179+0.0015
�0.0014 (An.II)

<latexit sha1_base64="XgK0igWlP6XcTKWzmsQWcV5tjKM=">AAACIHicdVDLSiNBFL3t2/jKzKzETaEMRMRQFZxJshjwsdHFgIJRMYlNdaViCqurm6pqITTtL/gFbvwVNy4Umdk5X2N14sA46IGCwznncuueIJbCWIyfvZHRsfGJyanpwszs3PxC8dPnIxMlmvEGi2SkTwJquBSKN6ywkp/EmtMwkPw4uNjJ/eNLro2I1KHtx7wd0nMluoJR6yS/WG1RGfeob0o//dPVH7hMSLV+lq7hMsbkW+ an6wO2kV2lLR2i0pYqo7291cwvruQGJoSgQaL6HTtSr9cqpIZIbjmsbC5eb4PDvl/83epELAm5skxSY5oEx7adUm0FkzwrtBLDY8ou6DlvOqpoyE07HRyYoa9O6aBupN1TFg3UfydSGhrTDwOXDKntmf+9XHzPaya2W2unQsWJ5YoNF3UTiWyE8rZQR2jOrOw7QpkW7q+I9aimzLpOC66Ev5eij8lRxZVaxgeujQoMMQVLsAwlIFCFTdiFfWgAgxu4gwd49G69e+/J+zWMjnivM1/gDbw/L0UGoBI=</latexit><latexit sha1_base64="DLn/zcw8mpLJtn2k8RNLsjH/uzA=">AAACIHicdVDNSgMxGMz6b/2rehIvQREqYkmK2vYgKF70IChYFdu6ZNPUBrPZJckKZVlfwSfw4qt48aCIXkQfwycw2yqo6EBgmJmPL994oeDaIPTq9PT29Q8MDg1nRkbHxieyk1OHOogUZRUaiEAde0QzwSWrGG4EOw4VI74n2JF3vpX6RxdMaR7IA9MOWd0nZ5I3OSXGSm62WCMibBFX53bdk8V1lMe4WD6Nl1AeIbyauPFyh6 0kl3FN+TC3KfNwZ2cxcbPzqYEwxrCTKK4hS8rlUgGXIE4ti/mNmavN96kXvedmn2uNgEY+k4YKonUVo9DUY6IMp4IlmVqkWUjoOTljVUsl8Zmux50DE7hglQZsBso+aWBH/T4RE1/rtu/ZpE9MS//2UvEvrxqZZqkecxlGhknaXdSMBDQBTNuCDa4YNaJtCaGK279C2iKKUGM7zdgSvi6F/5PDgi01j/ZtGwXQxRCYBXMgBzAogg2wDfZABVBwDW7BPXhwbpw759F56kZ7nM+ZafADztsHWZGiXw==</latexit><latexit sha1_base64="DLn/zcw8mpLJtn2k8RNLsjH/uzA=">AAACIHicdVDNSgMxGMz6b/2rehIvQREqYkmK2vYgKF70IChYFdu6ZNPUBrPZJckKZVlfwSfw4qt48aCIXkQfwycw2yqo6EBgmJmPL994oeDaIPTq9PT29Q8MDg1nRkbHxieyk1OHOogUZRUaiEAde0QzwSWrGG4EOw4VI74n2JF3vpX6RxdMaR7IA9MOWd0nZ5I3OSXGSm62WCMibBFX53bdk8V1lMe4WD6Nl1AeIbyauPFyh6 0kl3FN+TC3KfNwZ2cxcbPzqYEwxrCTKK4hS8rlUgGXIE4ti/mNmavN96kXvedmn2uNgEY+k4YKonUVo9DUY6IMp4IlmVqkWUjoOTljVUsl8Zmux50DE7hglQZsBso+aWBH/T4RE1/rtu/ZpE9MS//2UvEvrxqZZqkecxlGhknaXdSMBDQBTNuCDa4YNaJtCaGK279C2iKKUGM7zdgSvi6F/5PDgi01j/ZtGwXQxRCYBXMgBzAogg2wDfZABVBwDW7BPXhwbpw759F56kZ7nM+ZafADztsHWZGiXw==</latexit><latexit sha1_base64="8AVf3VbbsmOWpt2QL+UmXrnhniw=">AAACIHicdVDNSgMxGMz6b/2revQSLEJFLElR2x4ExYseBAVbi21dsmnaBrPZJckKZVnfxIuv4sWDInrTpzFbK6joQGCYmY8v33ih4Nog9OaMjI6NT0xOTWdmZufmF7KLSzUdRIqyKg1EoOoe0UxwyaqGG8HqoWLE9wQ7964OUv/8minNA3lm+iFr+aQreYdTYqzkZktNIsIecXX+2L1Y30UFjEuVy3gDFRDC24kbbw7YVnITN5 UP8/uyAI+O1hM3m0sNhDGGg0RpB1lSqZSLuAxxalnkwBAnbva12Q5o5DNpqCBaNzAKTSsmynAqWJJpRpqFhF6RLmtYKonPdCseHJjANau0YSdQ9kkDB+r3iZj4Wvd9zyZ9Ynr6t5eKf3mNyHTKrZjLMDJM0s9FnUhAE8C0LdjmilEj+pYQqrj9K6Q9ogg1ttOMLeHrUvg/qRVtqQV0inJ7xWEdU2AFrII8wKAE9sAhOAFVQMEtuAeP4Mm5cx6cZ+flMzriDGeWwQ847x+xzZ7o</latexit>

Takaura et al, JHEP  04 (2019) 15; PLB 789 (2018) 598
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Summary of 𝛼s   from quark anti-quark potential

 0.114 0.116 0.118  0.12  0.122 0.124 0.126 0.128

BBGPSV 12 (superseded)
BBGPSV 14 (superseded)
Takaura 18, An.II
Takaura 18, An.I
TUMQCD 19, T=0
TUMQCD 19, T>0
Avg. w. DWF An.II
Avg. w. DWF An.I

Static qq
_

 energy

↵s(MZ) = 0.11671+0.00076
�0.00047, �2/df = 0.914/2, with DWF An. II

<latexit sha1_base64="XGH/qdmj9oxRi6JkOR6pCmBvcQI="></latexit><latexit sha1_base64="xVAXM7WH1813pZf/UUWrXiCxaks="></latexit><latexit sha1_base64="xVAXM7WH1813pZf/UUWrXiCxaks="></latexit><latexit sha1_base64="9NvP6PXC3JsZf8zR1hgBbS3DECs="></latexit>
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Step-scaling approach 

Lüscher et al, NPB 384 (1992) 168

Bruno et al (ALPHA Collaboration), PRL 119 (2017) 102001

No window problem

Scales up to ⌫ ⇠ 70 GeV have been reached (pert. theory is reliable) !
<latexit sha1_base64="0m2gf7ArkLsXjCa5AxrF/bvgaBw=">AAACNnicbVA9bxNBEN0zHzGGEAdKmgEHKWmsOzdJaSlFaJCCwHYkn2XNrce5lff2TrtzlqyTf1Wa/A46NxQgRMtPYM9xAQlPWunpvfnYeUmhleMw3ASNR4+fPN1rPms9f7H/8qB9+Gro8tJKGshc5/YqQUdaGRqwYk1XhSXMEk2jZHFe+6MlWady84VXBU0yvDZqriSyl6btj58lanJQFsA5HMWmhNipDE7DI7igIaS4JEiIDP ipMqUZHBdkuQucUm5XoJw3tEK/7wTeTtudsBtuAQ9JtCMdscPltP01nuWyzMiw1OjcOAoLnlRoWUlN61ZcOipQLvCaxp4azMhNqu3Za3jvlRnMc+ufYdiqf3dUmDm3yhJfmSGn7r5Xi//zxiXPzyaVMkXJZOTdonmp64TqDGGmLEnWK09QWuX/CjJFi5J90i0fQnT/5Idk2OtGnn/qdfq9XRxN8Ua8E8ciEqeiLz6ISzEQUtyIjfgufgS3wbfgZ/DrrrQR7Hpei38Q/P4DQx2pLw==</latexit><latexit sha1_base64="0m2gf7ArkLsXjCa5AxrF/bvgaBw=">AAACNnicbVA9bxNBEN0zHzGGEAdKmgEHKWmsOzdJaSlFaJCCwHYkn2XNrce5lff2TrtzlqyTf1Wa/A46NxQgRMtPYM9xAQlPWunpvfnYeUmhleMw3ASNR4+fPN1rPms9f7H/8qB9+Gro8tJKGshc5/YqQUdaGRqwYk1XhSXMEk2jZHFe+6MlWady84VXBU0yvDZqriSyl6btj58lanJQFsA5HMWmhNipDE7DI7igIaS4JEiIDP ipMqUZHBdkuQucUm5XoJw3tEK/7wTeTtudsBtuAQ9JtCMdscPltP01nuWyzMiw1OjcOAoLnlRoWUlN61ZcOipQLvCaxp4azMhNqu3Za3jvlRnMc+ufYdiqf3dUmDm3yhJfmSGn7r5Xi//zxiXPzyaVMkXJZOTdonmp64TqDGGmLEnWK09QWuX/CjJFi5J90i0fQnT/5Idk2OtGnn/qdfq9XRxN8Ua8E8ciEqeiLz6ISzEQUtyIjfgufgS3wbfgZ/DrrrQR7Hpei38Q/P4DQx2pLw==</latexit><latexit sha1_base64="0m2gf7ArkLsXjCa5AxrF/bvgaBw=">AAACNnicbVA9bxNBEN0zHzGGEAdKmgEHKWmsOzdJaSlFaJCCwHYkn2XNrce5lff2TrtzlqyTf1Wa/A46NxQgRMtPYM9xAQlPWunpvfnYeUmhleMw3ASNR4+fPN1rPms9f7H/8qB9+Gro8tJKGshc5/YqQUdaGRqwYk1XhSXMEk2jZHFe+6MlWady84VXBU0yvDZqriSyl6btj58lanJQFsA5HMWmhNipDE7DI7igIaS4JEiIDP ipMqUZHBdkuQucUm5XoJw3tEK/7wTeTtudsBtuAQ9JtCMdscPltP01nuWyzMiw1OjcOAoLnlRoWUlN61ZcOipQLvCaxp4azMhNqu3Za3jvlRnMc+ufYdiqf3dUmDm3yhJfmSGn7r5Xi//zxiXPzyaVMkXJZOTdonmp64TqDGGmLEnWK09QWuX/CjJFi5J90i0fQnT/5Idk2OtGnn/qdfq9XRxN8Ua8E8ciEqeiLz6ISzEQUtyIjfgufgS3wbfgZ/DrrrQR7Hpei38Q/P4DQx2pLw==</latexit><latexit sha1_base64="0m2gf7ArkLsXjCa5AxrF/bvgaBw=">AAACNnicbVA9bxNBEN0zHzGGEAdKmgEHKWmsOzdJaSlFaJCCwHYkn2XNrce5lff2TrtzlqyTf1Wa/A46NxQgRMtPYM9xAQlPWunpvfnYeUmhleMw3ASNR4+fPN1rPms9f7H/8qB9+Gro8tJKGshc5/YqQUdaGRqwYk1XhSXMEk2jZHFe+6MlWady84VXBU0yvDZqriSyl6btj58lanJQFsA5HMWmhNipDE7DI7igIaS4JEiIDP ipMqUZHBdkuQucUm5XoJw3tEK/7wTeTtudsBtuAQ9JtCMdscPltP01nuWyzMiw1OjcOAoLnlRoWUlN61ZcOipQLvCaxp4azMhNqu3Za3jvlRnMc+ufYdiqf3dUmDm3yhJfmSGn7r5Xi//zxiXPzyaVMkXJZOTdonmp64TqDGGmLEnWK09QWuX/CjJFi5J90i0fQnT/5Idk2OtGnn/qdfq9XRxN8Ua8E8ciEqeiLz6ISzEQUtyIjfgufgS3wbfgZ/DrrrQR7Hpei38Q/P4DQx2pLw==</latexit>
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Define ↵S
s (1/L) on the lattice with size L with specified boundary condition and

follow the running of ↵S
s (1/L) when L is decreased such that L � a.

L ⌧ 1/⇤QCD:

↵MS
s (1/L) = ↵S

s (1/L)(1 + c1↵
S
s (1/L) + c2

�
↵S
s (1/L)

�2
+ . . .)

Start with ↵S
s (1/Lmax) with Lmax ⇠ 1 fm and study the change in ↵S

s when

Lmax ! ⌫�1 = Lmax/2
n, n = 2, 3, 4 . . .

In practice Schrödinger functional (SF) boundary conditions are used

Ak(x)|x0=0 = Ck(⌘), Ak(x)|x0=L = C 0
k(⌘), k = 1, 2, 3

and the corresponding coupling is defined as

@⌘hSeff i|⌘=0 =
12⇡

g2SF
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Nakayama 18Dirac eig.

Summary of 𝛼s   from the lattice

Form pre-averages for each of the quantities
and estimate the errors to account the spread
in the determinations from different lattice
groups.  Averaging over pre-averages gives:

↵s(MZ) = 0.11803+0.00047
�0.00068,

�2

df
=

6.5

6
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Conclusions 

• Lattice determination of the strong coupling constant is more precise than the
PDG average

• Different lattice approaches are consistent with each other

• To obtain more reliable determination tensions between different results within
as single lattice approach need to better understood

• Higher order perturbative calculations are needed to reduce the uncertainty
(e.g. for static potential and moments of quarkonium correlators)

• Step scaling is likely the most reliable method to determine the strong coupling
constant and it would be desirable to have calculations by different groups
using this method
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